Asymptotic formulas are derived for the number of symmetries in several types of unlabeled trees with vertices of restricted degree. The trees are d-trees whose vertices have degree at most d and (1, d)-trees whose vertices have degree 1 or d. These results together with similar results for the number of such trees provide asymptotic formulas for the expected number of symmetries in these trees.
Introduction
In a d-tree, all vertices have degree at most d. In a (1, @tree, each vertex has degree either 1 or d. Such trees represent certain chemical compounds; for example, (1,4)-trees represent the alkanes and 4-trees represent the carbon skeletons of alkanes. The order of the automorphism group of the trees is one property which reflects the proportions in which the various trees are formed during chemical processes. Initial work [2, 31 on the average order of the automorphism group of d and (l,d)-trees provided exact and asymptotic formulas for the number of vertices in these trees which have degree I and orbit size s. These results were applied in the case of d = 4 to give a rough estimate of the expected value of the logarithm of the order of the automorphism group of a 4-tree. Asymptotic estimates for the geometric mean of the group orders of 3-trees and 4-trees were given in [l] . The results in the first paper of this series [8] provided exact formulas for the expected number of symmetries in these trees when d = 3 or 4. In this paper we give asymptotic formulas for the expected number of symmetries in these trees. A summary of the results in this series of papers was presented in the research announcement [6] .
The tool used to do the counting is a two-variable logarithmic generating function, an approach that seems to have originated in the work of Etherington [4] . For a given class of trees, we let t(x, y) be the generating function in two variables x and y such that the coefficient of y"'x" is the number of trees T in the class of order n in which m is the logarithm base 2 of the order of the automorphism group of T. In t(x,2), the coefficient of x" is the sum of the orders of the automorphism groups of all such trees.
The technique used to do the counting and asymptotic analysis was developed by P6lya [lo] , perfected by Otter [9] and described as a 20-step algorithm for counting various types of trees by Harary et al. [S] . In part I of this series of papers [S] the generating functions t(x, y) and t(x, 2) were shown to satisfy functional equations from which recurrence relations for their coefficients were determined. These results were then combined with the formulas for the number of such trees to provide exact formulas for the expected number of symmetries in these trees.
A study of the asymptotic behavior of the number of symmetries in (1, d)-trees and d-trees for d = 3,4 is presented in this paper. The technique for the asymptotic analysis is illustrated for (1,3)-trees and the results are given for all four types of trees. Again, the asymptotic formulas for the number of symmetries are combined with similar formulas for the number of such trees [9] to provide asymptotic formulas for the expected number of symmetries in these trees.
Generating functions
Throughout this paper the type of tree will be specified only when the statement being made does not apply to all four types. We begin with planted trees which are rooted trees with the degree of the root equal to one. For the planted trees of each type, a two-variable logarithmic generating function is defined as follows:
For d-trees, T,,. is the number of planted trees T of order n + 1 in which m is the logarithm base 2 of the order of the automorphism group of T. Summing the degrees in a (l,d)-tree with p vertices of degree d and 4 vertices of degree 1 gives us the equation dp + q = 2(p + q -1) or p + q = (d -1)~ + 2. Thus, the number of vertices in a (1, d)-tree, planted or free, is congruent to 2 mod (d -1). This is taken into account in the definition of T (x, y) for (1, d)-trees. In this example, since every planted (1,3)-tree has an even number of vertices, T,,, is defined to be the number of planted (1,3)-trees on 2n vertices with 2" symmetries.
The values which m may assume in the sum depend on both d and the type of tree. Since an automorphism of a rooted tree must leave the root fixed, the order of the automorphism group of a planted (1,3)-tree is of the form 2" where m is an integer ranging from 0 to n -1.
Note that when y = 1 is substituted in (l) , T(x, 1) counts the number of planted trees of the specified type. Substituting y = 2 in (1) results in a one-variable generating function which counts symmetries in planted trees of the specified type. Let S, be the total number of symmetries in all planted (1,3)-trees on 2n vertices: S, = c T,,,2" m and
Similarly, t(x, y) can be defined for free trees. However, we actually only work with t(x, 2). Thus, we define t(x,2) = f S"X", n=l which counts symmetries in free, i.e., unrooted trees. For (1,3)-trees, s, is the total number of symmetries in all free (1,3)-trees on 2n vertices.
In [S] functional equations satisfied by T (x, y), T(x, 2) and t(x, 2) were derived for all four types of trees. For (1,3)-trees the relations are as follows:
and
Asymptotic analysis
An adaptation of the 20-step algorithm [S] is used to study the behavior of the coefficients of T (x, 2) and t(x, 2), the generating functions that count symmetries in planted and free trees, respectively, for large values of n. In the asymptotic analysis, the generating functions T(x, 2) and t(x, 2) are regarded as power series in the complex variable x. For each type of tree, let p be the radius convergence of T (x, 2).
Observe that in a planted d-tree or (l,d)-tree, the maximum possible group order for each n is ((d -l)!)"("-') where a is 1 for (l,d)-trees and (d -1)-i for d-trees. This maximum group order is attained by a planted (l,d )-tree in which every end-vertex except the root is at the same level of the tree. While such trees do not exist for all values of n, they do exist for infinitely many values of n. This observation leads to the following lemmas concerning the value of p.
Lemma 1. For all four types of trees, the radius of convergence p of T (x, 2) satisjies

O<p<l.
Proof. Note that T(x, 1) is the series that counts the planted trees of the specified type. It follows from the above observation that the coefficients of T(x, 2) are bounded by the coefficients of T(((d -l)!)"x, l), which has a positive radius of convergence [9, lo] . Hence p > 0.
Let M = log,((d -l)!)". By the earlier observation, for infinitely many n, S, > 2"("-1). Thus, p < 2-M < 1. I-J Lemma 2. T(xk, 2k) has radius of convergence ok > p for all k Z 2.
Proof. As shown above, p < 2-M, where M = log,((d -l)!)". Fork = 2, T(x',2') < T(2"x2,2) which converges when x < (~2-~)"~. This shows g2 > (~2~~)"~. Hence since p < 2Z", we may conclude that ~7~ > p. The result is then shown for k > 3 by induction on k. 0
As a consequence of the functional relations for t(x,2) and Lemma 2, we can conclude that p is also the radius of convergence of t(x, 2) and that t(p, 2) is finite.
We now define a new function F(x, y) by replacing each occurrence of T(x, 2) in its functional relation by the variable y. The definition of F for (1,3)-trees is Proof. Part (i) is a consequence of Lemma 2 since T(xk, 2k) is analytic at x = p for k 3 2. That F(x, T(x, 2)) = 0 for 1 x( < p follows directly from the definition of F and the functional equation for T (x, 2). That F,,(x, T(x, 2)) # 0 if 1x1 < p but x # p can be shown by combining the techniques of Otter [9] and the 20-step algorithm [S] . The justification of the remaining statements of this lemma is described in [S] . 0
As a consequence of Lemma 3, x = p is a branch point of order 2 of T(x, 2) and therefore, as in step 14 of the 20-step algorithm, T(x,2) and t(x,2) both have expansions in (p -x)l" near x = 0. 
(10)
The asymptotic formulas for the coefficients of T (x, 2) and t(x,2) are found by evaluating the contribution of (p -x)~/' in the above expansions. Note that by the binomial theorem and the definition of the gamma function, if s # 0, -1, -2, . . . , then the coefficient of x" in (1 -x)-~ is r(s + n) I-(s)I-(n + 1)' From Stirling's formula, this latter expression is equal to
Lemma 3 allows the application of Polya's lemma, which uses the above observations to give the asymptotic formulas for the coefficients of T (x, 2) and t(x, 2).
Theorem 1. The asymptotic behavior of the number of symmetries in planted d or (l,d)-trees is given by
S" _ !3,x)"' n-3/2 p. (p3,n)'/2 n-512 p-".
For free d-trees, formula (14) for s, gives an asymptotic estimate of the total number of symmetries in all such trees on n vertices. The relationship between n and the number of vertices in the free (l,d)-trees is the same as that for the planted (1, d)-trees. Formula (13) accounts for the contribution of -bI(p -x)1/2 to the coefficient of x" in T(x, 2). For the free trees, al = 0 and formula (14) accounts for the contribution of aJ(p -x)3/2 to the coefficient of x" in t(x, 2). Formulas (13) and (14) can be refined by taking into account the contribution of additional terms of expansions (9) and (10).
When the contribution of one additional term is added,
As can be seen by (1 l), in both cases the relative error in the asymptotic approximation is 0(1/n). Note that for planted trees, the asymptotic formula (13) has the form cn -3/2 P -n where c is a constant. Similarly for free trees, using formula (14), the asymptotic number of symmetries has the form ~n-~~~p-".
Numerical results
Evaluation of these asymptotic formulas requires computation of p, b1 , b3, a3, and as, which in turn require evaluation of T(x, 2) and T&X, 2) for 1x1 < p. The relations F(p, T(p,2)) = 0 and F,(p, T(p,2)) = 0 combine to provide equations from which p and T(p, 2) can be computed. 
The numerical methods necessary to actually compute values of p, T(P~,~~) and T,(pk, 2k) for various k depend on d. When d = 3, the functional equations for T(x, v) are quadratics in T(x,y) which can be extended to quadratics in 7'(~~,2~) for k z 1. Thus, applying the quadratic formula and the monotonicity of T(xk, 2k) results in the following equation for T(xk,pk) when 1x1 < p. For (1,3)-trees,
In the cases with d = 4, the functional equations for T(x, y) are cubits in T(x, y) which can be extended to cubits in T(xk, 2k) for k 2 1, and which must be dealt with in a different manner. However, in all cases, T (xk, 2k) is expressed in terms of T(xzk, 22k). Thus, for 1x1 SG p, if T(x16,216) is estimated by a partial sum, then the equation for T(xzk, 22k), Eq. (19) for (1,3) -trees, can be used repeatedly to determine T(x*,2*), T(x4, 24), T(x', 2') and T(x, 2). The same method is used to evaluate T&c', 2k). With this information, an iterative method is employed to approximate p. More details on the numerical methods are provided in [7] . In all of the computations, T(pk, 2k) was calculated to at least 20 digits and p to at least 12 digits.
Combining the functional relation for T(x,2) and its expansion in (p -x)"' to evaluate T,(x, 2)(T(p, 2) -T(x, 2)) p rovides the means for determining the bcs. From equation (6) for (1,3)-trees, after a bit of work, we have T,(X, 2) (T(p, 2) -T(x, 2)) = 1 + 3xL(x2, 4).
When expansion (9) is used to substitute for T(x, 2) and T,(x, 2) and the Taylor series expansion about x = p is used to substitute for 3xTX(x2, 4) in (20), coefficients of (p -x)-'12,(p -x)0, (p -x)"2, . . . can be compared to express the bls in terms of T(pk, 2k) and T,(P~,~~) for various values of k. In a similar manner, t,(x,2) is evaluated to obtain expressions for the afs in terms of the his and to show a1 = 0. For (1,3)-trees, the equations for b1 and a3 appear below. Since the equations for b3 and a5 are much more complicated, they have been omitted.
b? a3 =3p' Table 1 gives the values of p and c in the asymptotic formulas for the total number of symmetries for all types of trees. Note that p is the same for both the planted and free trees of each type.
In Tables 2 and 3 the exact number of symmetries is compared to the asymptotic number for planted and free (1,3)-trees, respectively. Formulas (13) and (14) were used to determine the asymptotic number of symmetries in planted and free d-trees while the refinements (15) and (16) gave significantly better results for the asymptotic number of symmetries in planted and free (l,d)-trees. Generally when this enumeration technique is applied, the planted trees simply provide a means for getting at the results for the free trees. But removing the root from a planted (1,3)-tree of order 2n produces a full binary tree of order 2n -1. Since these trees have the same automorphism group, the results for planted (1,3)-trees also are of interest. 
Conclusion
The results presented for the total number of symmetries can be combined with formulas for the asymptotic number of trees of the specified type to give an asymptotic formula for the expected group order of these trees. The relevant formulas for the number of these trees appear in [2, 9] . Since the asymptotic formula for the number of such trees also has the form Cj?-"n-5/2 (or C/I?-"n-"' for the planted trees) where j? is the radius of convergence of the series that counts the trees and C is a constant, the expected group order is asymptotic to ,4(1/p)" where A is a constant. In other words, the expected group order is asymptotic to an exponential function of the ratio of the two radii. Table 4 gives the values of A and p/p in the asymptotic formulas for the expected number of symmetries for the four types of free trees. In Table 5 the exact value for the expected number of symmetries is compared to the asymptotic number for free (1,3)-trees.
Note that the enumeration method presented in this paper is independent of the value of d. Thus the solution of this problem is theoretically possible for larger values of d. However, the functional relations for the generating functions become more complex and the number of possible group orders increases greatly as d increases. The success of the technique used here relies heavily on the degree restrictions of these trees. Significant modifications would be required to apply this method to the problem of estimating the group order of an arbitrary tree of large order. This is due to the fact that for each n, there is a tree on n vertices which has (n -l)! symmetries. Consequently the series that counts symmetries in ordinary trees does not converge.
